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A biased picture of a Tokamak
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Magnetic islands (MHD perturbation) and resonance

[from www.vacet.org,NIMROD] A closed equilibrium magnetic field
line dM×Beq = 0 satisfies

q(r) = dφ/dθ = rBφ (RBθ )−1 = mres. surf./nres. surf. .

= q(rs ) = Cte

Thus, a closed line winds onto a ra-
tionnal magnetic surface.

Equilibrium: Beq = Bφ φ̂ +Bθ θ̂ (Nested magnetic surfaces)

A perturbation B = ~B(r , t)exp i(mpertθ −npertφ) is resonant
if mpert/npert = mres. surf./nres. surf.

Any resonant pertubation h = ~h(r , t)exp i(mpertθ −npertφ)
satisfies ∇‖h = B−1

eq Beq ·∇h = 0
(∇‖h = impertB

−1
eq Bθ ,eq/r(1−npertm/mpertn)h = 0 .)
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Magnetic islands are resonant perturbations growing from
low order rational equilibrium magnetic surfaces

[http://www.vacet.org/,NIMROD]

=⇒ (Helical Sym.) Mono-helicity simulation

Magnetic islands are non local perturbations of the
equilibrium. Thus, low order rationnal surface are required
(see drawing...)
Large islands are seeded on low order rationnal surfaces
mres. surf./nres. surf. = 2/1 or 3/2.
Islands are helical structures => Symmetry
y ∝ θ −m/nφ , x ∝ r − rs
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Growth of magnetic islands by current driven tearing
instability

[from A. Poyé Thesis, Aix-Marseille Univ. (2012)]

Left: Mono-helicity simulation (only modes with m/n = 2 evolve)

Right: Full 3D simulation (global simulation: all the modes evolve)

No difference...
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Stability Diagrams

[from Biskamp, Nonlinear MHD, Cambridge (1993)] [from Williams Hornsby,IPP (not yet published)]
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Left: The kink stability domain (ideal) is strongly
constrained in tokamaks
Right: Full 5D simulations using GKW

=> Islands generically grow in the stability domain
(to avoid them further stability and discharge path
analysis are required.)
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NTMs,
the radially extended magnetic islands in tokamaks

[T.C. Hender et al, Nuc. Fusion 47 (2007)] Chapter 3: MHD stability, operational limits and disruptions
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Figure 3. Sketch of the time evolution of the island growth rate
as given by equation (6) at the onset of the NTM when the
critical seed island size (Wcrit) is exceeded and an NTM forms
at !p,onset . A slow decrease in beta from !p,onset to !p,marg (when
max(dW/dt) = 0) is assumed, as in power ramp-down experiments,
such that dW/dt ! 0 (reproduced from [54] ‘Marginal !-limit for
neoclassical tearing modes in JET H-mode discharges’).

the seed island formation or on the NTM physics, as they are
not necessarily related. However, additional effects on NTM
onset arise from resonant error fields which can seed NTMs
and slow plasma rotation [58]. Preliminary analysis suggests
decreased plasma rotation could be reducing the small island
polarization current threshold and thus making the 2/1 NTM
unstable at lower !, but further experiments are required to
elucidate this effect.

To understand the physics mechanisms at play, it is best
to describe in some detail the modified Rutherford equation,
which can be written symbolically as follows for the island
growth rate:

"R

rs

dW

dt
= rs#

"(W) + rs!p(#
"
BS # #"

GGJ # #"
pol) + rs#

"
CD.

(6)

Here W is the width of a magnetic island occurring at a radius
rs and "R is the local resistive diffusion time; #" is the stability
index of the equilibrium current profile, #"

BS is the bootstrap
drive term, and #"

CGJ and #"
pol are the stabilizing curvature [59]

and polarization terms [60], respectively. The effect of current
drive represented by #"

CD will be discussed in the next section.
The island width dependence is #"

BS $ W/(W 2 + W 2
d ) and

#"
pol $ W 2

pol/W 3, where Wd describes a stabilizing effect at
small island width due to perpendicular thermal conduction
[61] and Wpol is a constant related to the stabilizing polarization
effect. A fuller description of these terms, used to compare
with experimental data, can be found in [54,62] and references
therein (see also [1]). The typical evolution of the island growth
rate in a full discharge, assuming a slow ramp-down of the
power, and thus a slow decrease in the terms proportional to
!p in equation (5), is shown in figure 3. At a given time in the
discharge, an island is triggered at a beta value !p,onset, in most
cases much larger than !p,marg, and subsequently grows to a
relatively large saturated island width. When !p ! !p,marg, the
mode is stabilized and the growth rate becomes rapidly very
negative. The hysteresis, ratio !p,onset/!p,marg, is significant
in standard scenarios with modest size sawteeth, it has been
measured much above unity in ASDEX Upgrade [51], DIII-
D [52], JET [4] and JT-60U [55]. This occurs because !p,marg,

the marginal beta limit above which NTMs are metastable, is
very low but generally the sawteeth (or other seeds) do not
form a large enough island (W < Wcrit) until !p increases well
above !p,marg. Since !p,marg scales approximately linearly with
$% [54] ITER is predicted to have !p > !p,marg as soon as it
is in the H-mode. Therefore the existence of NTMs in ITER
does not depend on ! as such, but rather on the triggering of a
seed island Wseed > Wcrit . Thus, the predictions of seed island
widths and of the value of Wmarg are each of great importance
for burning plasmas.

The prediction of Wmarg indicates that its size normalized
by the minor radius will be much smaller in ITER than in
present experiments. Its value depends on all the terms
in equation (6) and their dependence at small W . The
understanding and relevance of each of these terms have been
further developed since [1]:

– The first term is the classical #" term, which has a weak
dependence on W . It has been shown that classical
tearing modes can provide the seed islands for NTMs
[63,64], and this may be one of the possible explanations
of the ‘triggerless NTMs’ observed in other machines
like ASDEX Upgrade [65], JT-60U [55], T-10 [56] and
TFTR [66]. This usually happens when the current
profile is modified [63], and could become the main seed
island trigger mechanism in hybrid scenarios, or when
! approaches the ideal limit, as #" can become large and
positive [64] and thus could become important in advanced
scenarios. In addition, using fast power shut-off, leading
to a rapid vanishing of the terms proportional to !p in
equation (6), it was possible to show the linear #"(W) on
W in TCV [17].

– The second term is the bootstrap drive, which is reduced
at small island width due to two main effects. First,
the ratio of perpendicular to parallel heating becomes
non-negligible and the pressure profile is not flattened
completely, reducing the perturbed bootstrap current [61,
67]. Anomalous perpendicular viscosity can also affect
the bootstrap drive. Its effect is frequency dependent and
can be stabilizing or destabilizing depending on the sign
of %/%%pi [68], where % is the mode frequency in the
electron frame and %%pi is the ion diamagnetic frequency.
Another effect which reduces the perturbed ion bootstrap
current even more is finite ion Larmor radius effects [69].
When the island width is less than &5$b ($b = ion banana
width) ions are still affected by the pressure gradient inside
and outside the island, leading to a finite bootstrap current
within the island.

– The third term describes the stabilization due to the effect
of curvature and is usually smaller than the bootstrap term
in present tokamak scenarios and therefore has often been
neglected in the past. It has been confirmed in MAST to
be significant for tight aspect ratio scenarios [70]. On the
other hand, it has been shown to yield a finite stabilizing
term for small island width [71] and therefore can be
significant at small island widths in present tokamaks and
for ITER aspect ratio as well.

– The fourth term is due to the polarization current,
resulting from the fluctuating electric field driven by the
different electron and ion responses to the rotating island.
Therefore it involves diamagnetic effects, effective mode

S137

Sketch of the time evolution of the island size
w of an island (power-ramp down experiment).

Tearing instability, MHD event,... can generate a
magnetic island. Neoclassical physics can amplify it.
When w > wcri, Seed islands ⇒ Radially extended islands
or NTMs
Neoclassical amplification is linked to a reduction of the
bootsrap current (not only: polarization effects also,...)
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Impact of NTMs: path to disruptions
[From PhD thesis Alexandre Fil, AMU (2015)]
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Impact of NTMs

[S. Gunter et al, Phys. Rev. Lett. 87 (2001)]

Reduction in energy confinement ∆W /W
due to (3,2) NTMs on ASDEX Upgrade
(same results in JET)

Path to disruptions, but not only...
Degradation of the energy confinement ∝ w and/or
∝ β = pressure

magnetic energy

Existence of unexpected high confinement regimes at high
βN & 2.3, call FIR-NTM regimes
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Metastability of NTMs

[R.J. Buttery et al, IAEA Conference, (2004 and 2008)]

NTMs should be metastable in ITER: β � βmarg
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Origin of seed islands (w . wcri)
[S. Fietz et al,41st EPS Conf. on Plasma Physics (2014)]

where the mode grows without any visible trigger are also common. For six NTM onsets
(1,1) activity was observed but the trigger mechanism could not be specified. In cases where
at the mode onset multiple events took place the trigger mechanism is labelled as ‘unclear’.
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Figure 1: Normalised !N at the onset of
(a) (3,2) and (b) (2,1) NTMs versus MaA at
rres. The symbols indicate the different trigger
mechanisms. In (a) the blueish grey boxes in-
dicate the experimentally possible data range,
the upper bound is indicated as machine limit.

At AUG the (m,n)=(3,2) and (2,1) NTMs are the
most common and hence a large data set of NTM
onset points with a wide range of plasma rotation is
available. To extend the database, especially in the
low rotation regime and with counter-rotation, dedi-
cated experiments have been carried out, with vary-
ing heating power and external torque input, using
different combinations of wave heating (ECRH and
ICRH) and neutral beam injection (NBI). In normal
operation the NBI is oriented in the co-direction
relative to the plasma current. Experiments with
counter-rotation were done by reversing the plasma
current and the magnetic field direction. With this
the NBI is oriented in the counter-direction. These
experiments were limited in NBI heating power
due to impurity influx created by first orbit losses.
As a consequence the range of achievable counter-
rotation was limited. For the following investiga-
tions all parameters are taken at the location of the
magnetic island. The detailed evaluation is mainly
based on the (3,2) NTMs due to its significantly
larger database. For the (2,1) NTM in many cases
the onset conditions are unclear and hence the ac-
curately analysable database is smaller.

3. Experiment results
In this section the influence of the toroidal ro-

tation velocity on the NTM onset threshold is in-
vestigated. Similar to studies at other devices in the
following, the rotation velocity is normalised to the
Alfvén velocity (vA = Btor/

!µ0nimi), with Btor the
toroidal magnetic field, ni the ion density, mi the ion
mass and µ0 the magnetic vacuum permeability),
due to the only marginal dependence of the NTM
onset threshold on toroidal rotation alone. This normalised quantity is then defined as MaA
(Alfvén Mach number).
In figure 1 the global !N at the NTM onset is plotted against the normalised rotation for the (3,2)
NTMs in (a) and the (2,1) NTMs in (b). Also indicated in 1 (a) is the hypothetical achievable
parameter range in !N and MaA, which is estimated assuming a momentum confinement time
equal to the energy confinement time and an H98-factor of one. In this calculation the plasma ro-
tation was varied by including different mixtures of the heating methods (NBI max. 20 MW and
wave heating max. 10 MW) available at AUG. These calculated data points, which are shown
as grey-blue boxes, indicate the hypothetical experimentally achievable data range for the given
heating power at AUG without NTM. The upper bound is marked as machine limit.
In figure 1 (a) the !N at the NTM onset linearly increases with increasing MaA for co-
and counter-rotation. This is more distinct for the co-rotation data, but however the trend

41st EPS Conference on Plasma Physics P2.003

Trigger Mechanisms of (2,1) NTMs in nor-
malised (β ,vtoroidal) space in ASDEX Up-
grade Tokamak

[A. Isayama et al,Plasma and Fusion Research 8 (2013)]Plasma and Fusion Research: Regular Articles Volume 8, 1402013 (2013)

Fig. 2 Normalized beta at mode onset or beta collapse. The
open circles correspond to mode onset growing from a
small amplitude, and the closed circles correspond to
mode onset triggered by a localized collapse. The cross
symbols correspond to discharges terminated by a beta
collapse, in which no NTM was observed. The time
traces of the normalized beta for typical discharges are
also shown.

onds, an m/n = 2/1 NTM appeared. Among the dis-
charges in which a 2/1 mode appeared, the onset behavior
can be classified into two groups according to the wave-
form of the magnetic perturbations and the electron tem-
perature: (a) mode onset and growth from a small mode
amplitude and (b) mode onset triggered by a localized col-
lapse. Moreover, the former constitutes about 80% of the
analyzed discharges, and the latter accounts for about 20%.
The appearance time of the former covers a wide range:
t = 5.6–6.7 s; in particular, mode onset at t ! 5.7 s is
most frequently observed. The latter seems to appear in
a slightly higher-beta region and at a later time.

3.2 Characteristics of mode behavior
3.2.1 Mode onset and growth from a small mode am-

plitude

The temporal evolution of magnetic perturbations that
appear without a large MHD event is shown in Fig. 3. In
this case, the mode amplitude increases from nearly the
noise level and saturates in !50 ms. As the mode grows,
the mode frequency decreases starting at t " 5.68 s and
reaches !400 s#1. In Fig. 3 (a), the temporal evolution of
the D! intensity is shown. The spikes at, for example,
t = 5.614, 5.624, and 5.641 s correspond to perturbations
by ELMs. The fact that the mode starts to grow between
ELMs suggests that the 2/1 mode was not triggered by an
ELM. The temporal evolution of the electron temperature
around the mode location measured with a heterodyne ra-
diometer is shown in Fig. 3 (c). Oscillations first appear at
channels 2–4, which correspond to " " 0.5. An inversion
of the phase of the oscillations, which is an indication of

Fig. 3 Expanded view of shot E49226 near mode onset. (a) D!
intensity, (b) magnetic perturbation amplitude, and
(c) electron temperature measured with a heterodyne ra-
diometer. RECE is the measurement point of each channel.

magnetic island formation, can also be seen across chan-
nels 1–4. The full width of the magnetic islands at mode
saturation is typically 10–15 cm. After t = 5.72 s, the oscil-
lations of the magnetic perturbation signal become unclear
because the mode frequency becomes very low. The exis-
tence of a magnetic island can be confirmed from the ECE
signals: the signal of channel 1 stays at the lower level of
the oscillations, whereas the signals of channels 5–7 stay
at the higher level. This feature indicates that the measure-
ment points of the heterodyne radiometer correspond to the
X-point of the magnetic island.

Figure 4 shows a plot of 1/!tpeak against (dB/dt|t=tpeak )/
(1/!tpeak). Here tpeak is the time at which dB/dt reaches
a local maximum, !tpeak is the time di"erence between
two successive peaks, and dB/dt|t=tpeak is the value of dB/dt
at the local maximum. Thus, 1/!tpeak corresponds to the
mode frequency, and (dB/dt|t=tpeak )/(1/!tpeak) corresponds
to the time derivative of the mode amplitude normalized
to the mode frequency, or equivalently, the mode ampli-
tude. The mode frequency decreases from 1300 Hz with
increasing mode amplitude and reaches !700 Hz; then, it
decreases rapidly to 400 Hz with increasing mode ampli-
tude. This behavior is similar to that in previous observa-
tions, where the mode frequency suddenly decreased from

1402013-3

Onset of (2,1) NTMs in high βp discharges
in JT60U Tokamak.

In about 80% of the discharges, (2,1) NTM
appear from a small amplitude without any
noticeable triggering event. Turbulence
might be a trigger of such NTMs [Muraglia et
al, NF 2017]
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Island structure
[PhD Thesis A. Poyé, AMU (2012)]

Equilibrium => Island : Impossible in Ideal MHD because a
change of field line topology requires the violation of local magnetic flux conservation (Frozen in
Theorem)

ψ(x ,y) = ψ0(x) + δ 2(t)cos(k1y) with k1 = 2π

Ly
and

Beq(x) = ψ ′0(x )̂y, jeq(x) = ψ ′′0 (x )̂z,
B(x ,y , t) = ẑ×∇ψ(x)

Structure of a magnetic island: Separatrices, X-point,
O-point. w = 4

√
δ2

jeq(0)
is the width of the island

O. Agullo 16



Pressure Flattening in experiments

[L. Vermare et al, PPCF, 47, 1895 (2005)] J. A. Snape et al, PPCF 54 085001 (2012]

Both, density n and electronic temperature Te profile can
be flattenned by the growth of a magnetic island if it is
large enough...

O. Agullo 17



Pressure flattening mechanism

Hyp 1: no source in the vicinity of an island, thus
∇ ·qe = 0
∇ ·qe =−∇⊥ · (nχ⊥∇⊥Te)−∇‖ · (nχ‖∇‖Te)

with χ‖ = χ‖(Te) ∝ T
1/2
e L‖ and

χ⊥ = χ turbulence
⊥ = χ⊥(Te ,∇Te/Te)

Hyp 2: The island size w satisfies χ⊥/w2� χ‖L2
‖,

=> ∇‖Te = ∆‖Te = 0.

In other words, if w � wc =
√

χ⊥/χ‖L‖ then Te = Te(ψ)

In fact, ∇‖ ∼ L−1
‖ = k1w/Ls , wc = (χ⊥/χ‖)1/4

√
Ls/k1

The flux accross the island is
0 =< ∇ ·qe >island=< qe ·n >sep= T ′e(ψ) < nχ⊥∇⊥ψ >

=> Te(ψ) = Cte in a magnetic island if w � wc

For the density, we need D⊥/w2� D‖L2
‖ but

D⊥/D‖ ∼ χ⊥/χ‖(mi/me)α

=> Temperature flattening occurs before density flattening
O. Agullo 18



Degradation of the confinement
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Degradation of the confinement:
Topology + parallel diffusion
=> The heat follows the separatrices (resistive
layer) => Radial short circuit for the heat
from the core to the edge
The cylindrical Belt model: χ(r− ≤ r ≤ r+) = +∞
(Infinite conductivity in the vicinity of the island)
. . . see blackboard, [Chang et al, Nuc; Fus. 30 211 (1990)]

∆Eth/Eth = f (rs)wa with f (y) = 4y3 for the belt model where
n0,χ0 and Q0 are supposed constants (f depends on island
geometry and equilibrium density and temperatures)
NTMs can have easily 10% of the radius. So
[Sauter et al, PPCF 52 025002 (2010)]

- Belt model at mid-radius, gives a degradation of 5%
- Belt model at 0.8a, gives a degradation of 20%
=> 2/1 NTMs have a much stronger impact than 3/2
NTMs...O. Agullo 19
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Minimal resistive MHD equations

Equilibrium: no plasma flow, Beq(x) = B0 = ψ ′0(x )̂y,
jeq(x) = ψ ′′0 (x )̂z,ψ0(−x) = ψ0(x), ρ0 = Constant
(uncompressible)
Perturbation:
B(x ,y , t) = ẑ×∇ψ = ∇× (−ψ ẑ), v(x ,y , t) = ẑ×∇φ

Linearized MHD equations

∂B
∂ t

= ∇× (v×B) +
η

µ0
∆B (1)

ρ0
∂v
∂ t

= −∇p+ µ
−1
0 ((∇×B)×B0 + (∇×B0)×B) (2)

∇ ·B = 0 ∇ ·v = 0 (3)

Consider perturbations ψ(x ,y , t) = ψ(x)exp(γt + iky) with
k = mk1 = m 2π

Ly
.

Taking (1) · x̂ and ∇× (2) · ẑ, gives . . .
O. Agullo 21



...

Linearized MHD equations

γBx = ikB0yVx +
η

µ0
(
d2

dx2 −k2)Bx (4)

ρ0γ(
d2

dx2 −k2)Vx =
ikB0y

µ0
(
d2

dx2 −k2−
B ′′0y
B0y

)Bx (5)

−ikψ = Bx and −ikφ = Vx (6)

Characteristic times:
- Alfvén time: τA = a/VA where VA = B0√

µ0ρ
is the Alvén

velocity, B0 is a typical magnetic field amplitude of the system
- Resistive time: τR = µ0a

2

η

- Lundquist Number: S = τR/τA ≈ 108 in tokamaks,
S ≈ 1011 in the earth magnetosphere
Normalisations:
- x̄ = x/a, k̄ = ak , γ̄ = γ/τA, F (x̄) = B0y/B0, F ′ = dF/dx̄

- ψN(x̄) = ψ/ψ0 = Bx/B0, φN(x̄) = B0
ψ0

ikφ

γ
.

O. Agullo 22



The ideal solution is singular at the resonance

Linearized MHD equations (ψN → ψ , φN → φ)

γ̄(ψ−Fφ) = S−1(
d2

dx2 −k2)ψ (7)

γ̄
2(

d2

dx2 −k2)φ = −k̄2F (
d2

dx̄2 − k̄2− F ′′

F
)ψ (8)

F (x̄) = B0y/B0, (9)

Characteristic time for the tearing instability:
τA� γ−1� τR ⇔ γ̄ � 1� S γ̄

ψ−Fφ = 0 (Flux freezing constraint)

(
d2

dx̄2 − k̄2− F ′′

F
)ψ = 0 (∇‖j = 0 or ∇× (J×B) = 0)(10)

The last equation correspond to a static force balanced! ...
Ideal MHD breaks down at the resonance where F (x)→ 0:
φ = ψ/F becomes singular.

O. Agullo 23



Magnetic field discontinuity in the ideal limit: ∆’

The resistivity smooths the solution in a resistive layer around
the resonance. . .

(
d2

dx̄2 − k̄2− F ′′

F
)ψ = 0 (11)

a∆’ = ∆̄′ = limε→0
ψ ′(ε/2)−ψ ′(−ε/2)

ψ(0) caraterizes the ideal
discontinuity (Warning: ∆′ 6= ∆′(ψX ))

Consider F (x) = B0y/B0,= tanh(x/a) with B.C ψ(±∞) = 0,
then Eq.(11) can be solved and

∆′ =
2
a

(
1
ak
−ak)

The resistive solution will be unstable if and only if ∆ ’>0.
Here, ∆′ > 0 if ak ≤ 1 (small wave numbers as expected).

O. Agullo 24



Ideal structure of the perturbation
ψ(x ,y , t) = ψ(x)exp(γt + iky)

Left: ∆′ > 0 Right: ∆′ < 0

To obtain an island one has to draw ψtot = ψ0 + ψ

To solve ∇‖j = 0 for any equilibrium, one can use a shooting
method:ψ ′′(x ↔ t) = α(t)ψ(t) see blackboard

O. Agullo 25



The resistive solution around the resonance

The resistivity smooths the solution in a resistive layer around
the resonance. . .
Small island approximation: kx ≤ kw�1⇒ d

dx �k and
F (x̄)≈ x̄ (Taylor expansion with F (0) = 0, a is now fixed and
is a magnetic shear length)

γ̄(ψ− x̄φ) = S−1 d
2ψ

dx2 (12)

γ̄
2 d

2φ

dx2 = −k̄2x̄
d2ψ

dx̄2 (13)

F (x̄) = B0y/B0, (14)

- Constant-ψ approximation in the resistive layer: ψ =Ct but ψ ′ 6= 0

x̄ k̄ +
x̄2k̄2

ψγ
φ(x̄) =

1
ψS

φ
′′(x̄)

O. Agullo 26



The resistive solution: matching

We introduce z = x/r , φ(x) = sχ(z), φ ′′ = s
r2

χ ′′(x)which gives

z + z2
χ(z) = χ

′′(z)

if s =−ψγ̄

k̄r
and r4 = γ̄

k̄2

Z ! The equation for χ does not depends on the physical
parameters and is localized
The matching condition isa

∆̄′ = lim
ε→δh

ψ ′(ε/2)−ψ ′(−ε/2)

ψ
=

1
ψ

lim
ε→δh

∫ +ε/2

−ε/2
ψ”(x)dx

(15)
It gives ∆̄′ = 1

ψ
f (γ̄, k̄,S)

∫ +zh/2
−zh/2

χ”
z dz .

Using that A ≡ ∫ +zh/2
−zh/2

χ”
z dz ≈ ∫ +∞

−∞/2
χ”
z dz ≈ 2.12, one obtains

∆̄′ = k̄−1/2
γ̄
5/4S3/4A (16)
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The resistive solution: matching

In other words,as A −4/5 ≈ 0.55 the linear growth rate for the
tearing instability is

γτA = 0.55 ∆̄′4/5k̄2/5S−3/5 ∝ η
3/5 (17)

The width of the resistive layer is r = δn ∝ η2/5
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Conclusion

Magnetic islands are resistive structures growing on low order
rationnal surfaces
When the width of the island is large enough, pressure
flattening occurs
The degradation of the confinement is proportionnal to the
width
NTM are magnetic islands amplified by neoclassical
mechanisms and should be metastable on ITER baseline
scenario
NTMs and more generally, MHD resistive activity can be the
cause of a disruption
NTMs are seeded by MHD activity and, also, potentially, by
turbulence
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